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Abstract 

We show that an exponential map fc{z) = e^ + c whose singular value c 
is comhinatorially non-recurrent and non-escaping is uniquely determined by its 
combinatorics, i.e. the pattern in which its dynamic rays land together. We 
do this by constructing puzzles and parapuzzles in the exponential family. We 
also prove a theorem about hyperbolicity of the postsingular set in the case that 
the singular value is non-recurrent. Finally, we show that boundedness of the 
postsingular set implies combinatorial non-recurrence if c is in the Julia set. 

Introduction 

Consider the family of exponential maps fc{z) = + c, with c e C. It is a natural 
and relevant question to ask whether there exists a dynamical condition under which 
two maps in this family are conformally conjugate, and hence correspond to the same 
parameter up to translation by 27ri. In this paper we give a sufficient combinatorial 
condition for this to happen, under the hypothesis of a specific kind of non-recurrence. 

The set of escaping points 

m := {zeC:\f:(z)\^oc} 
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can be naturally described as a union of injective curves, called dynamic rays or hairs, 
labelled by sequences in in such a way that the dynamics of fc on the rays is con- 
jugate to the dynamics of the shift map a on Z^. We refer the reader to [BDHRGHlj . 



|SZlj and Section 2.1 in this paper for existence and properties of dynamic rays in the 
exponential family. Informally, dynamic rays can be thought of as curves from (0, oo) 
to C, which tend to infinity as the parameter t oo. On the other side, the behavior 
as t — )■ can be far more complicated; it the limit exists, we say that the dynamic ray 
lands. A dynamic ray is called periodic or preperiodic if it is a periodic or preperiodic 
set under the dynamic of fc, it is shown in |Relj that periodic and preperiodic rays 
land unless their forward orbit contains the singular value. 

Two periodic or preperiodic dynamic rays landing at the same point, together with 
their common endpoint, form a curve F disconnecting the plane. Given two such 
dynamic rays, we say that two points are separated (by F) if they belong to different 
connected components of C \ F. 

A fundamental question is under which conditions the set of periodic and preperi- 
odic rays landing together, which is just a combinatorial data, completely encodes the 
actual dynamics, and hence determines uniquely the position of the map in parameter 
plane. This property is usually referred to as rigidity. Stated in this terms, rigidity can 
be asked for parameters which do not belong to the closure of hyperbolic components 
(or equivalently, for which all periodic point are repelling). Two maps fc, fc are called 
comhinatorially equivalent if their periodic and preperiodic rays land together in the 



same pattern (see Section 4.2 for a more precise definition). 

A positive answer to the question of rigidity would imply the famous density of 
hyperbolicity conjecture, one of the main open problems in one-dimensional complex 
dynamics. Conjecturally, hyperbolic maps are dense in appropriate spaces of functions, 
like in the space of unicritical polynomials P^{z) = + c and in the space of expo- 
nential maps fc{z) = + c. The question of rigidity is also strictly related to the MLC 
conjecture, according to which the Mandelbrot set is locally connected. See |RS3j for 
a paper making a parallel between rigidity problems in exponential versus polynomial 
setting. 

In this paper we study exponential maps whose singular value is non-recurrent, that 
is the parameters c for which the postsingular set 



V{fc) = [j{fHc)} 

n>0 

does not contain the singular value c itself. Observe that for an exponential map fc, 
boundedness of V{fc) implies non-recurrence. 

The first result in this paper is hyperbolicity of V{fc) in the case that c is non- 
recurrent. This is a weak version of a theorem of Mane for non-recurrent exponential 
maps with unbounded postsingular set (see |Ma] . |ST] for rational maps and |RvSj for 
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a wider generalization in the transcendental setting; see also |GKSj for meromorphic 
functions with bounded postsingular set). As a consequence of the aforementioned 
Mane's Theorem, the boundary of Siegel disks is contained in the cu-limit set of a 
recurrent singular value, hence in the exponential family non-recurrence of c implies 
absence of Siegel Disks (see |RvSl Corollary 2.10]). 

A forward invariant set K is hyperbolic (with respect to the Euclidean metric) if 
there exists fc,?7 > 1 such that for any k > k and for any z ^ K, \{f'^y{z)\ > rj. 

Theorem A (Hyperbolicity of the postsingular set). Let fc{z) = + c such that 
c G J{fc) is non-recurrent. Then V{fc) is hyperbolic. 

The rest of the paper is devoted to problems related to rigidity. We first define 
Yoccoz puzzle and parapuzzles in the exponential setting. We then restrict ourselves 
to the class of combinatorially non-recurrent parameters: a parameter c is combinato- 
rially non-recurrent if there is a suitable collection (see Section |4]) of preperiodic rays 
which separate the singular value from the postsingular set. Under the assumption of 
combinatorial non-recurrence we prove that two combinatorially equivalent maps are 
quasiconformally conjugate. 

Theorem B. Let c, d be non-escaping parameters, and fc be combinatorially non- 
recurrent. If jfj i'S combinatorially equivalent to fc, then fc' is quasiconformally conju- 
gate to fc. 

In Section |6] we show actual rigidity for combinatorially non-recurrent parameters. 
For parameters with bounded postsingular set, this can be obtained as a corollary of 
Theorem B together with a result of |RvSj on the absence of invariant line fields (see 
also (MS]). Otherwise, the proof is more involved. The final result is the following: 

Theorem C. Let c,c' be non-escaping parameters, and fc be combinatorially non- 
recurrent. If fc' is combinatorially equivalent to fc, then d = c. 

We conclude by showing that if c G J{f), boundedness of the post-singular set is a 
sufficient condition to imply combinatorial non-recurrence (see Section [T]). 

Theorem D. Let fc be an exponential map such that c G J{fc) o-nd V{fc) is bounded. 
Then c is combinatorially non-recurrent . 

The condition c G J(/c) is in order to exclude hyperbolic and parabolic parameters, 
which are non-recurrent in the classical sense but not in the combinatorial sense. The 
proof of Theorem D is independent from the rest of the paper, and relies on one side 
on known rigidity results for polynomials, and on the other side on the combinatorial 
similarity between exponentials and unicritical polynomials. It also uses a theorem 
from |BLj about accessibility of the singular value. 
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Notation and terminology 

The complex plane is C, the open unit disk is D and the Riemann sphere is C. We 
denote by Dr{z) a disk of radius r centered at the point z. By a neighborhood of a 
point we mean a connected, simply connected neighborhood. 

The Euclidean diameter of a set U' is denoted by diamt/, while the Euclidean 
length of a curve 7 is denoted by £(7). If U admits a normalized hyperbolic metric, 
the hyperbolic diameter of a set U' G U is denoted by diam[/(f/'), while the hyperbolic 
length of a curve 7 C f/ is denoted by iu{l)- 

The Julia set of an exponential map / is denoted by J{f), and its Fatou set by F{f). 
A parameter c is called non-escaping if /"(c) 00. It is called hyperbolic if it has an 
attracting periodic orbit, parabolic if it has an indifferent periodic orbit with rational 
multiplier, and Misiurewicz if the orbit of c is finite. It is called Siegel (respectively 
Cremer) if it has an indifferent periodic orbit with irrational multiplier in a 

neighborhood of which is linearizable (respectively non-linearizable) . It is called 
non-recurrent if the singular value is non-recurrent. A maximal open set of parameters 
which are hyperbolic is called a hyperbolic component. Parabolic, Siegel and Cremer 
parameters are on the boundaries of hyperbolic components. 

For an exponential map / and a topological disks V , we call C{n, V) the set of all 
connected components of f~^{y), and Cp(ra, the set of connected components of 
f~^{V) which intersect P(/). 



1 Quasiconformal maps and holomorphic motions 

In this section we recall the definition and the main properties of quasiconformal maps 
and of holomorphic motions. These results and their proof can be found for example 
in |Ah] : they will be used in Sections 4pp 



Let '?/' : C — 7- C be a homeomorphism with partial derivatives dz'ip-, dz'ip in the sense 
of distribution; we associate to its Beltrami coefficient /i^ := By definition 

/i^(z) is a measurable function. The map ip is called quasiconformal if ||/i^||oo < 1- 
The quantity K := sup^ is called the dilatation of ip; if ip has dilatation K, it 

is called i^-quasiconformal. Inverses of ii'-quasiconformal maps are i^-quasiconformal; 
moreover, if g is conformal and ip is iiT-quasiconformal, g o ip as well as ip o g are 
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K- quasi conformal . 

Lemma 1.1 (Weyl's Lemma). If f is a quasiconformal map with fij = outside a set 
of Lebesgue measure zero, then f is conformal. 

We say that a sequence of functions {ipn} has a hmit function if there is a subse- 
quence converging to if) uniformly on compact sets. One of the remarkable properties 
of i^-quasiconformal maps is their compactness. 

Lemma 1.2. Let {V'n} be a family of K -quasiconformal functions which coincide 
on at least three points. Then there exists at least one limit function ip, and it is 
K- quasiconformal. 

By definition, a quasiconformal map ip induces a Beltrami coefficient with ||/i^||oo < 
1; it is a natural question to ask whether any allowable Beltrami coefficient (which can 
be thought of as a measurable function with modulus less than 1) corresponds to a 
quasiconformal map. The answer is provided by the Measurable Riemann Mapping 
Theorem. 

Theorem 1.3 (Measurable Riemann Mapping Theorem). Let {fix}, \\fix\\oo < 1; be 
a family of Beltrami coefficients depending holomorphically on a parameter A. Then 
there is a family of quasiconformal maps ipx, depending holomorphically on X, such 
that fix = dziJx/dzi'x- 

A Beltrami coefficient defines a measurable field of ellipses in the tangent space, 
with bounded ratio between the length of the major and minor axis. On the other 
side, a measurable field of ellipses with bounded ratio between the major and minor 
axis defines a Beltrami coefficient. This field of ellipses defines a so-called conformal 
structure on C. For a holomorphic map g, fig = 0, and the induced field of ellipses 
is in fact a field of circles. We refer to this field of circles as the standard conformal 
structure o"o on C. 

Given a holomorphic function /, an invariant line field is a field of lines defined 
in the tangent space which is invariant under /. A Beltrami coefficient fi defines an 
invariant line field through the directions of the major axis of the induced field of 
ellipses in the tangent space. The induced line field is invariant if and only if f*fi = fi. 
The following theorem is a special case of Theorem 1.1 in |RvS] . 

Theorem 1.4 (Absence of invariant line fields). Let fc{z) = + c such that V{fc) is 
bounded. Then J{fc) supports no invariant line fields. 

Holomorphic motions are another widely used tool in one-dimensional complex 
dynamics. 

Definition 1.5. Let (A, *) be a topological disk in C with a marked point *, and let 
X be a subset of the Riemann sphere. A holomorphic motion h of X over (A, *) is a 
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family of injections hx : X ^ C, X G A, depending holomorphically on A for each fixed 
X & X, and such that h^, is the identity. Define Xx := hx{X). A set X is said to move 
holomorphically over A if such a holomorphic motion exists. 

The following theorem, due to |MSSj and improved by |iSl]|, collects the most relevant 
results about holomorphic motions. See Theorem 1.3 and Lemma 1.1 in [SI]. 

Theorem 1.6 (Lambda Lemma). Let h be a holomorphic motion of a set 
X C C over the disk (A, *). Then the two following facts hold: 

• h extends to a continuous holomorphic motion of C over (A, *); 

• The maps hx are K-quasiconformal with dilatation K depending only on the 
hyperbolic distance between A and *. The constant K tends to infinity as X ^ dA. 

2 Background in exponential dynamics 

In this section we recollect the relevant information needed about the exponential 
family. In particular, we introduce dynamic and parameter rays and we describe the 
structure that they induce in the dynamical and parameter plane respectively. Both 
have been first introduced in |BDHRGHlj with the term hairs, and have been fully 
classified in |SZlj and |FS] . 

2.1 Dynamic rays 

For all of this section, fc{z) = + c. Let F{t) = e* — 1 be a model function for real 
exponential growth, a be the left-sided shift map acting on Z^. 

An exponentially bounded address, or just address is a sequence s = sqSi . . . G Z^, 
such that \si\ < F^{x) for some x G M and for every i G N. The set of addresses 
is denoted by S. An address is called periodic or preperiodic if it is a periodic or 
preperiodic sequence. 

For any two sequences s = soSiS2 . . . and s' = s'qs'^s^ ... in 5, we consider the 
distance 



An address is called bounded if ||s|| := supj |sj| < oo. We refer to S as the combi- 
natorial space for /. Observe that S is endowed with the lexicographic order. 

Definition, existence and properties of dynamic rays for the exponential family are 
summarized in the following theorem ( |SZlj . Proposition 3.2 and Theorem 4.2): 




(2.1) 
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Theorem 2.1 (Dynamic rays, |SZlj ). Let c G C and s E S be an exponentially bounded 
address. Then, there exist ts,c cind a unique maximal injective curve gl : (tg.c, C)o) — )■ 
-^(/c) such that 

(a) Ugm = 9Um)- 

(b) f^{g^{t)) = 27risn + + o(e-^"W) ast^oo. 
Moreover, 

(c) For any s, gl{t) depends analytically on c unless c G g'^n^ for some G N. 

The curve g'^ is caUed the dynamic ray (or just ray) of address s. If c is non- 
escaping, ts,c does not depend on c. We omit the index c and simply write gsit) when 
this creates no ambiguity. The estimates in (6) together with the fact that dynamic rays 
do not intersect induce a vertical order on dynamic rays near infinity, corresponding 
to the lexicographic order on S. Injectivity together with (c) imply that the functions 
5's ° (fi's)"^ define a holomorphic motion of the dynamic ray g'^ over any neighborhood 
of c on which the ray g^it) is well defined. 

A dynamic ray g^ is called periodic (resp. preperiodic) if s is a periodic sequence 
(resp. strictly preperiodic). A dynamic ray gl is said to land at 2; G C if \mit^t^^^ g^(t) = 
z. It is shown in |Rel] that periodic and preperiodic dynamic rays land unless one of 
their forward images contains the singular value. 

Given a set A of addresses, we say that the rays with addresses in A for /c, fc' 
land together in the same pattern whenever the following condition is satisfied: two 
rays g^, g^, with addresses in A land together if and only if g^ , g^, land together. If all 
periodic and preperiodic dynamic rays for fc and fc' land together in the same pattern, 
we say that fc and fc' are combinatorially equivalent. 

We have the following result about dependence on the external address s (see e.g. 
[Re2l Lemma 3.2]). 

Lemma 2.2 (Transversal Continuity). Let {s„} G S be a sequence of addresses con- 
verging to an address s. Then gs„{t) converges uniformly to gs{t) on all intervals [t*, 00] 
with t^ > ts,c- 

The following result is well known and its proof is provided for completeness. 

Lemma 2.3 (Landing of preimages of rays). Let f{z) = + c be an exponential map, 
and Si < S2 be two addresses such that gg^ and gs^ land together at some point z ^ c. 
If gsi ^ gs2 separates c from —00, for any G Z, g^s^ lands together with g(^k-i)s2- U 
not, for any fc G Z, gks^ lands together with gks2- 

Proof. As / is a local homeomorphism near z, preimages of gs^ and gs2 land together 
pairwise at preimages of 2. If the curve 7 := (?si U 5's2 has winding number one with 
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respect to c, the imaginary part increases by 2tt along any connected component of 
{'-/). If the winding number is zero, there is no increase in the imaginary part. By 
the asymptotic estimates in Theorem 2.1, any two rays in a connected component of 
/~^(7) have to differ by exactly one unit in the first entry of their addresses in the first 
case, and by none in the second case. □ 



2.2 Parameter rays, parabolic wakes, Misiurewicz wakes 

The set of escaping parameters also consists of curves tending to infinity, called param- 
eter rays (see |FSj . Theorem 3.7). 

Theorem 2.4 (Parameter rays). Let s G 5. Then there is tg > 0, and a unique 
maximal injective curve Gg : (ts,oo) — t- C, such that, for all t > tg, c = Ggit) if and 
only if c = glif). Also, \Gs{t) — (t + 27riso)| — > as t oo. 

Recall that a hyperbolic component W is a. maximal connected set of parameters 
with an attracting periodic orbit of the same period. There is a unique hyperbolic 
component Wq of period 1 (the period of a hyperbolic component W is the period of the 
attracting periodic orbit for parameters in W). Parameter rays are approximated from 
above and from below by other parameter rays and by curves in hyperbolic components; 
see |BRl Lemma 7.1], as well as the proof of the Squeezing Lemma in |RS2| Section 4] 
and the proof that the exponential bifurcation locus is not locally connected in |RS3[ 
Theorem 5]. 

The landing pattern of parameter rays with periodic and preperiodic addresses 
carves the structure of parameter plane, and is related to the landing pattern of dy- 
namic rays in dynamical plane, as well as the position of hyperbolic components. This 
is exemplified in the next two theorems. The first theorem describes the relation be- 
tween the landing pattern of parameter and dynamic rays with periodic address (see 
Proposition 4 and Proposition 5 in |Relj . as well as |RSlj ). 

Proposition 2.5 (Parabolic wakes). Given a hyperbolic component W , there are ex- 
actly two parameter rays Gs+,Gs- of periodic addresses s"*" and s~ which land together 
on dW and separate W from —oo. The connected component W(W) ofC \ Gs+ U Gg- 
containing W is called the (parabohc) wake ofW. The dynamic rays gs+, gs- and any 
of their forward iterates move holomorphically over yV{W), and they land together in 
the dynamical plane for fc if and only if c belongs to W(W). The rays gs+ and gs- are 
called characteristic dynamic rays, while Gs+ , Gg- are called characteristic parameter 
rays. 

If Wi,W2 are two hyperbolic components such that dWir\dW2 ^ 0, and the period 
of W2 is higher than the period of Wi, we say that we say that W2 is attached to Wi. 

The situation for preperiodic addresses is slightly more complicated. However, it is 
shown in |LSVj (Theorem 3.4 and Corollary 3.5) that parameter rays with preperiodic 
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addresses land at Misiurewicz parameters, and that each Misiurewicz parameter cq is 
the landing point of finitely many parameter rays Gsi • • • with preperiodic addresses. 
Moreover, the dynamical rays of addresses Si . . . Sg land at cq in the dynamical plane 
for /eg. It is also not hard to prove that any Misiurewicz parameter is contained in 
a parabolic wake attached to Wo, by using the fact that all repelling fixed points are 
landing points of periodic dynamic rays. Using these results and the fact that dynamic 
rays move holomorphically wherever they are well defined, we obtain the following. 

Proposition 2.6 (Misiurewicz wakes). Let c be a Misiurewicz parameter belonging to 
a parabolic wake W attached to Wo- Let Gsi • • • Gs^ be the parameter rays landing at c, 
Gs+ and Gg- be the characteristic parameter rays bounding W. The connected compo- 
nents 0/ W \ [J^ Gsi are called Misiurewicz wakes. The dynamic rays ■ ■ ■ g^^ move 
holomorphically in each Misiurewicz wake, and they land together in the dynamical 
plane for c if and only if c belongs to one of the Misiurewicz wakes not containing Gs+ 
and Gg- in its boundary. 

2.3 Fibers 

The extended (parameter) fiber of a parameter cq with all periodic orbits repelling is the 
set of parameters which cannot be separated from cq by a pair of parameter rays with 
periodic or preperiodic addresses landing together. The reduced (parameter) fiber of a 
parameter cq is the extended fiber intersected with the set of non-escaping parameters. 
For parameters with indifferent or attracting periodic orbits, also curves formed only 
by parameter rays, hyperbolic parameters and finitely many parabolic parameters have 
to be considered as separation lines (see |RS3j for alternative definitions). 

The dynamical fiber of a point zq is the set of points which cannot be separated from 
zq by a pair of dynamic rays with periodic or preperiodic addresses landing together. 
A fiber is trivial if it contains at most one non-escaping parameter or point. 

Fibers cannot contain the accumulation sets of arbitrary many parameter rays (see 
|RS3j ■ Lemma 17]): 

Lemma 2.7. Any extended fiber contains the accumulation set of at most finitely many 
parameter rays, and these parameter rays have bounded addresses. 

3 Hyperbolicity of the postsingular set 

This section is dedicated to prove Theorem A, which will be used in the proof of 
Theorem B. The proof of Theorem A itself will not be used later. For all of this section, 
let f{z) = e^+c with c G J{f) non- recurrent. This two conditions imply that J{f) = C. 
Recall that for a topological disk V, C{n, V) is the set of connected components of 
f~"'{V), and Cp{n,V) is the set of connected components of f~"'iV) which intersect 
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V{f). By forward invariance of V{f), if f/ G Cp{n,V), f^(U) G Cp{n — i,V) for any 
i < n. Similarly, if V C V, and U' G Cp{n, V), then U' dU for some U G Cp(n, 1/). 

We recall that a family of univalent functions {^k}-, (fk '■ V ^ with V simply 
connected, is normal if every sequence either has a convergent subsequence, or escapes 
any compact set (see |Mij ) . By Montel's Theorem, any family omitting three values is 
normal. So, for any V simply connected neighborhood of a point z G C which omits a 
periodic orbit of period > 3, the family of univalent inverse branches of / defined on 
V is normal. 

The following proposition is a special case of Theorem 2.7 in |RvSj . The proof in 
our case is inspired by |Maj and much simpler, so we include it for completeness. 

Proposition 3.1 (Univalent pullbacks). Let f{z) = e^ + c with c G J{f ) non-recurrent. 
Then for any zq & C there is a 6 > such that for any U G Cp{n, Ds{zq)), U is simply 
connected, and f^-.U-^ Ds{zq) is univalent. 

Proof. Observe that for any bounded simply connected open set V not containing c, 
and any U G C{1,V), U is simply connected, and f : U V is univalent. In fact, 
/ : t/ — )■ y is a covering of a simply connected set, hence / is a universal covering and 
U is simply connected. 

Fix zq G C. We first show that for any e there exists 6, such that diam?7 < e for 
any U G C{n, Ds{zo)) such that c & U and such that f^-.U-^ Ds{zq) is univalent. If 
not there exists e > 0, 5^ — )■ 0, and Uk G C(nfc, 1)5^(2:0)) such that diamt/fc > e. By 
assumption the maps (fk '■ Ds^{zq) — )■ Uk are univalent, and for 5k sufficiently small they 
all omit some specific periodic orbit of cardinality bigger than 3. The maps ipk{z) = 
^k{^kZ + Zq) : ^ Uk are normal by Montel Theorem, and they do not converge to 
infinity because c E Uk = ipkij^) for all k. So up to considering a subsequence they 
converge to a limit function ip which is not constant because diam Uk > e. As c G ^ipkij^) 
for all k, and ip is not constant, there is a neighborhood of c such that V C ipki^) for 
large k, hence ^^-^(K) C D. By definition of ^fc, ip^\V) = f'iV) C Ds,{zo) C Ds.izo) 
contradicting c G J(/). 

Now let Ds{zq) be such that the previous claim holds for e = dist(c, P(/))/2, and 
let U G C{n, Ds{zo)). If c ^ f^{U) for j = l...n, the claim follows by induction. 
Otherwise, whenever there exists j such that c G f-^{U), by the previous part of the 
proof f^{U) n V{f) = 0, hence by forward invariance of V{f), U ^ Cp{n, Ds{x)). □ 

The next lemma is a tool to deal with sequences of pullbacks which go to infinity, 
i.e. do not have any finite accumulation point. 

Lemma 3.2. Let f{z) = + c, c E J{f) non-recurrent. Let zq E C, V = Ds{zo) 



as in Lemma 3.1. Suppose that there exists a sequence Uk G Cp{nk,V), k — > 00, 
with diwxvUk > £k > (5/2"'-' for k sufficiently large. Then there exists a sequence of 
integers jk < Uk such that f/^ G Cp{nk — jfc — 1, has a finite accumulation point and 
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diamf/^ > s'j^ > e '^^{l — e In particular, if the Ek are bounded away from so are 
the e'l^, and if Sk — ?■ oo, e'j. — )■ e^^^. //inf > 0, and — )■ oo, then — jk — > oo. 

Proof. Let S = {x,—M < Rex < log 2}. Observe that |/'(a;)| > 2 whenever Rex > 
log 2, and that V{f) fl f/^ 7^ for all k, so, as diamt/fc > 5/2"'', there exists a minimal 
Jk > such that f^^{Uk) n S ^ ^. 

Let [/^ := f^>'+'^{Uk). As P^f^fc) n S* 7^ 0, the sets U'^ have a finite accumulation 
point in the annulus A = f{S), centered at c, with internal radius e~*^ and exter- 
nal radius 2. It is only left to estimate diamf/^. As jk is minimal, diam/-'*(f/fc) > 
2^'= diamf/fc > e^. Between all sets of diameter L which intersect S and on which / is 
univalent, |/'| is smallest along a horizontal segment of length L going to the left of 5", 
whose image is a segment of length e~^^ — e^"^^^^, so diamt/^ > e~^^(l — e^'=). 

To prove the last claim it is enough to show that the sequence {jk} is bounded. For 
each k, by minimality of jk we have that diam Uk < diam f/^/2-"-'; hence if inf diam Uk > 
and jk — >■ c>o, diamt/^ — )■ 00, contradicting normality of inverse branches on V 
together with the fact that U'^n A (/) \f k. □ 



Thanks to Lemma 3^ the proofs of the following propositions and of Theorem A 
become similar to proofs from |STj and |RvS] . We first need the following lemma ( \ST\ 
Lemma 2.1]). 

Lemma 3.3. For any < S < 1, there exists a constant C{S) such that for any 
univalent map g : U 3 with U simply connected, and for any connected component 
U' ofg-\Ds{0)), di&muiU') < C{6). Moreover lims^o 0(6) = 0. 



Proposition 3.4 (Uniform smallness). Let zq G C, Ds{zq) he as in Proposition 3.1 
Then for any £ > there exists Ds'{zo) C Ds{zq) such that for all n E N, U G 
Cp{n, Ds'{zo)) , diamf/ < e. 

Proof. We first assume that there exists R > such that diamt/ < R for any U G 
Cp{n, Ds{zo)). Then for any such U, U C Dji{z) for some z E U. On Dr{z), the 
euclidean density is bounded by R times the hyperbolic density on Dii{z). From this 
and monotonicity of the hyperbolic metric, we get that for any U' G U G Dp{z) 

diamt/' < -Rdiam£,^(^)([/') < RdAnmu U' < e 



whenever 6' is sufficiently small so that C{6') < e/R as given by Lemma 3.3 



Let A be the annulus from Lemma 3.2 By normality of inverse branches defined 



on Ds{zq), there cannot be a sequence Uk intersecting A with diamf/^ — )■ 00, so there 
is some R such that diam U < R for all U with f/ fl A 7^ and the claim holds for all U 
with f/ n A 7^ 0. It is only left to show that there is some R' such that diam U < R' for 
all U G Cp{nk, Ds'{z)), not necessarily intersecting A. Let 6' such that diam U < e~^/2 
for all U G Cp{n, Ds'{zq)) intersecting A, and assume by contradiction that there exists 
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a sequence Uk G Cp{nk, Ds'{z)) with diamUk — )■ oo. By Lemma 3.2, this gives a 
sequence of intersecting A with diameter tending to e~*^, contradicting the choice 
of 6'. The claim then holds up to making 6' smaller so that C{6') < m.in{e / R' , e / R) . 

□ 



The proof of the next lemma is a combination of Lemma 3.2 with a classical lemma 



about backward shrinking (see Lyl for rational maps) 



Proposition 3.5 (Backward shrinking). Let z G </(/), Ds{z) be as in Lemma 3.1 
all e > there exists Ue, if n > rie and U e Cp{n, Ds{z)), then diamf/ < e. 



For 



Proof. If not, there exist e > and a sequence Uk G Cp{nk, Ds{z)) 
diamf/fe > e. As — )■ oo, eventually e/2"'* < S. Thanks to Lemma 3.2 



rifc — )■ oo, with 
up to 



replacing Uk with U^., we can assume that the Uk have a finite accumulation point y. 
By normality, the sequence of inverse branches (fk '■ Ds ^ Uk has a limit function yj, 
which is non-constant because diamf/^ > e. It follows that there is a neighborhood of 
(p{z) which is mapped inside Ds{z) under infinitely many iterates of /, contradicting 

if{z) n J(/) ^0. □ 



Proof of Theorem A. If V{f) is not hyperbolic, there are Uk — > oo, and Zk G V{f), 
such that |(/"'')'(2;fe)| < 1. As V{f) is closed and forward invariant, any {f^''{zk)}, 
as well as any finite accumulation point thereof, belongs to V{f). Assume first that 
f'^^{zk) has a finite accumulation point y G V{f). By Propositions 3.1[ 3.4 and 3.5 
there is a neighborhood V oi y such that for any n G N, t/ G Cp(n, V) 

1. diam(f/) < £, and f"':U V is univalent; 

2. W >03 no, ifn> no, diam(f/) < e' . 

Up to considering a subsequence, we can assume that, for large k, f^^^Zk) G V. For 
each such k, let ?7fc be the component of /~"*(^) containing z^. By local expansivity, 
diam(/'' (f/fc)) < e for j = . . .n^, and /"'' : f/^ — )■ V is univalent so it has a local 
inverse (pk '■ V ^ Uk- The family {^k} is normal because it is a family of univalent 
inverse functions defined in V which omits at least three points; any limit function 
ip for ip>k is constant because by local expansivity diam(f/fc) — )■ as — )■ oo. This 
contradicts the initial assumption that 



lim 



1 



(/ 



> 1. 



Now suppose that f^''{zk) oo, let A,S be the annulus and the strip as in 



Lemma 3.2 To reduce to the previous case it is enough to find a sequence jk < nk 



such that jk — oo, f^'''^^{zk) G A, and |(/ 



Zk)\ < 1. 
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If G A, let jk = Tik- Otherwise, for any k let jk < — 1 be the greatest 

integer such that f^''{zk) G A. Observe that the condition \{f "''')' {zk)\ < 1, plus the 
fact that f^''{zk) G Vlf), implies that such a jk exists, otherwise we would have 

\ir'nzk)\>2-^ >i. 

To prove that |(/^'=+^)'(^fc)| < 1, observe that 

jk rn:-l 
i=0 «=ifc+l 

jk jk 
> JJe^''-^'("*)2"*-^'*-^ JJe^^^'^^'^) = \{f^^^^y{zk)\ < l/2"^--''^-i < 1. 

i=0 1=0 

Similarly, because Rez > — M for all z G 'P{f), 
hence, as Uk — ?■ oo, — oo as well. 

□ 

4 Puzzles and Parapuzzles 

The construction of puzzles for polynomials (usually called Yoccoz Puzzle), as well as 
the construction of parapuzzles, has turned out to be very useful in proving rigidity 
results. Puzzles have been introduced in |BH] . |Huj and |Mi2] . Various versions have 
been constructed also for other maps, for example rational maps ( |Roj ) . In this section 
we describe the construction of puzzles and parapuzzles for the exponential family. 

4.1 Puzzles and combinatorial non-recurrence 

Let r be a forward invariant graph formed by finitely many periodic rays, and consider 
the connected components of C \ P. For each n, the sets P^ := /""(P) also partition 
C into countably many components (see Figure [l] for an example of puzzle). 

Definition 4.1. The countable collection of connected components of C \ /~"(P) is 
called the puzzle of level n (induced by P); the connected components themselves are 
called puzzle pieces of level n and are denoted by Yj^\ For each n G N there is exactly 
one puzzle piece of level n containing — oo, which is called the branching puzzle piece 
and denoted by Y^. There is also exactly one singular puzzle piece containing c. 
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If c is non-escaping, it never belongs to r„, hence at each level c belongs to the 
interior of some puzzle piece. 

Remark 4.2. If c is a non-escaping parameter belonging to a parabolic wake attached 
to the period one hyperbolic component Wq, there is a repelling fixed point a = a(c), 
defined as an analytic continuation of the attracting fixed point, which is the landing 
point of finitely many periodic rays permuted transitively by the dynamics. These are 
the rays used for the most traditional puzzle construction. We use a more general F 
in order to allow for a weaker form of combinatorial non-recurrence (so that Theorem 
D holds). It is not known yet whether all non-escaping parameters are contained in 
such a wake, however, this is expected to be the case. A sufficient condition for this to 
happen is that V{f) is bounded (see pL]. Corollary 4.14). 




Figure 1: Two possible topological configurations for the puzzle of level 4 with T formed by 
3 rays of period 3 landing at a fixed point. The actual configuration depends on the position 
of c with respect to the puzzle of level 3. The configuration of puzzle pieces are invariant 
under translation by 27ri. As the level increases, the new puzzle pieces are drawn in a paler 
color. 

Remark 4.3. It is possible to define the label j for puzzle pieces of level n by using 
sequences in Z", in a way that is consistent with the dynamics and with the vertical 
order of the dynamic rays at infinity. However, this takes some extra work and it is 
not needed for the rest of the paper; for simplicity, we will consider j G N U {*}. 

The singular value c is called combinatorially non-recurrent if there exists some 
forward invariant graph F (formed by the closure of finitely many periodic dynamic 
rays) and some n such that the connected component of C \ F„ containing c does not 
intersect V^f). 
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Observe that parabolic and hyperbolic parameter are combinatorially recurrent. It 
is also known that the boundary of Siegel Disks is contained in the cu-limit set of a 
recurrent singular value (see |RvSj . Corollary 2.10). So, in our setting, the condition 
of combinatorial non-recurrence implies that J{f) = C. Combinatorial non-recurrence 
is a more restrictive condition than non-recurrence; however, we show in Section [7] 
that when V{f) is bounded and contained in the Julia set, non-recurrence implies 
combinatorial non-recurrence. 

The next lemma follows directly from the definition of puzzle pieces, and the basic 
properties of dynamic rays. 

Lemma 4.4. The collections {Yj^^} define a puzzle for f , i.e. 

• V n G N, i, J G N U {*}, either C f/"^ or y/"+^^ n f/"^ = 0. 

• V n,^ G N, y}"'^ maps univalently to Yj"' for some j depending on i; 

• Y'i"'' is mapped to the singular puzzle piece of level n — 1 as an infinite degree 
covering. 

Proof. Boundaries of puzzle pieces are dynamic rays, hence non-nested puzzle pieces do 
not intersect. Also, the boundaries of puzzle pieces of level n+1 contain all preimages 
of the boundaries of puzzle pieces of level n, so the image of a puzzle piece cannot 
intersect two different puzzle pieces. □ 



4.2 Parapuzzles and combinatorial equivalence 

Let Co be a parameter, F be a forward invariant graph formed by periodic rays and 
their closure as in Section 4.1, and = {^i}'i=i be the set of addresses of the dynamic 
rays in F. Define 



Ak = {s E S : (j-'(s) G ^0 for some j < k}. 

The boundaries of puzzle pieces of level consist exactly of dynamic rays with 
addresses in An', there rays are either periodic or preperiodic with preperiod k < N. 
Hence, by Propositions |2.5| and 2.6, the boundaries of puzzle pieces of level N move 



holomorphically in C \ IJse^iv 

A parapuzzle piece of level A^ for F is a region in parameter space over which the 
boundaries of puzzle pieces of level A^ move holomorphically. 

Observe that the boundary of a parapuzzle piece of level A^ consists of countably 
many parameter rays with addresses in ^at, hence of either parameter rays landing at 
Misiurewicz parameters or characteristic parameter rays. Also, parapuzzle pieces of 
different levels are either disjoint or contained one inside the other. 
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Two exponential maps fc, fd are combinatorially equivalent up to level (with 
respect to the parapuzzle induced by F) if they belong to the same parapuzzle piece 



up to level N. If two maps are combinatorially equivalent as in Section |2.1[ by Theo- 
rems |2.5| and |2.6| they belong to the same parapuzzle piece for all levels independently 



of the choice of T. 

Two puzzle pieces Y^^^ for fc and Y^"'^ for fc' are equivalent if they are bounded by 
dynamic rays with the same addresses which land together in the same pattern. If two 
maps are combinatorially equivalent up to level N, for each n < N and for each puzzle 
piece Y^*^""* for fc there is exactly one equivalent puzzle piece y}"''^ for fc>. Equivalent 
puzzle pieces will be labelled with the same label. 

Proposition 4.5 (Combinatorial equivalence). If two exponential maps fc, fc' o'^e com- 
binatorially equivalent up to level N , their singular values belong to equivalent puzzle 
pieces up to level N — 1. 

Proof. Suppose by contradiction that there is a level n < N — 1 such that c, c' belong 
to non-equivalent puzzle pieces. Then there are two addresses s, s' such that t he c urve 

the 



U g^, encloses c, but the curve g^' U g^l does not enclose c'. By Proposition 2.3 



puzzle pieces of level n + 1 which contain preimages of g^, g^, on their boundary cannot 
be equivalent to the puzzle pieces of level n + 1 which contain preimages of gl , g^i ; this 
contradicts combinatorial equivalence at level n + 1. □ 



5 Quasiconformal Rigidity 

In this section we prove Theorem B. We first construct a quasiconformal map ipN 
between fc and /c', which is a conjugacy on the boundary of puzzle pieces up to a 
finite level iV; then ip^ is used as the initial map in a lifting procedure to obtain a 
quasiconformal map ^ which is a conjugacy on V{f)\ finally, \1/ is used in a new lifting 
procedure to obtain a quasiconformal map $ which is a conjugacy on all preimages 
of 'P{f). In fact, because the latter are dense, by continuity $ is a quasiconformal 
conjugacy on the entire plane. 

Proposition 5.1 (Initial quasiconformal map). Let c,d be non-escaping and let fc, 
fc' be combinatorially equivalent up to level N for some N & H. Then there exists a 
quasiconformal map ■j/'at : C — t- C such that 

• ipNic) = c'; 

• ipN is a conjugacy on the dynamic rays g^ with s G Ak for all k < N . 

Proof. As fc, fc' are combinatorially equivalent up to level N, there is a parapuzzle 



piece A of level A^ which contains both c and c'. By Propositions 2.5 and 2.6 together 
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with Theorem 2.1, the map he := ° {9s)^^ defines a holomorphic motion over A of 
the dynamic rays for s G Aj with j < N. By definition is a conjugacy on the 
dynamic rays with s G Aj for all j < N. The singular value c itself also moves 
holomorphically in A, so can be defined at c as hc{c) = c. By the Lambda Lemma 



(Theorem 1.6), he can be extended to a quasiconformal map ip'^ : C — )■ C for any c G A. 
In particular, ifjjsi := ip^ is a conjugacy on the boundaries of puzzle pieces of level N 
and V'Af(c) = c'. □ 

From now on, let F be the forward invariant graph for which c is combinatorially 
non-recurrent, and consider the puzzle induced by F. 

Proposition 5.2 (Conjugacy on P(/c)). Let c, c' he non-escaping and let fc, fd be two 

combinatorially equivalent maps, such that c is combinatorially non-recurrent. Then 
there exists a quasiconformal map ip : C ^ C which is a conjugacy on V{fc)- 

Proof. For each level n, denote by P*^"-* the union of the puzzle pieces of level n in- 
tersecting V{fc)- Observe that p("+^) c P*^"\ and that if a puzzle piece Y C p("+^), 
then fc{Y) C P^"'\ As fc is combinatorially non-r ecurrent, there is some level such 



that c ^ P(^). Let ^jn be as in Proposition |5.l| and define inductively the sequence 
{^n}n>Af as: 



^n+i = V^n onC\p("); (5.1) 

= fd' o^nofc on %, for any Y, = C P("). (5.2) 

Observe that we are redefining ipn on all puzzle pieces of level n + 1 which are 
contained in P^^\ not only on the ones which are also contained in p('^+^). This is 
needed in order to ensure continuity. The branch of the inverse f^^ is defined so that 
fd' ° ° fciXe) = , where Y/ is the puzzle piece for fd which is equivalent to Y^. 
We show by induction that this is possible while we prove the properties of {ipn}- 

Now we show that the maps {ipn}n>N are well defined and satisfy the following 
properties: 

1. tpn+i = gi ° {dl) ' oil any gl G dY^^'^^'> such that c P'--'^ for some j < n. 

2. ipn+i is -ft'-quasiconformal. 

3. /e'0^„+i = ^„o/,onP("+i). 

Observe that ^/'at satisfies all of the properties above for some quasiconformality con- 
stant K. We show by induction that they are satisfied for all n > N . 

We first show that ipn+i is well defined on every image 
/c(>"/"+^^) = for some puzzle piece F/") of level n. Let 1^'^"^ be the puzzle 



17 



piece which is equivalent to l^*-"-*. The puzzle piece 1^*-"'' does not contain c by combi- 
natorial non- recurrence, so Y-'*^") does not contain d by Proposition 4.5 In particular 
inverse branches for /c' are well defined and univalent in a neighborhood of 1^'*^"'*, and 
there is a univalent branch f~} : Y'S^^ — > Y'^^^'^^^ . 

We start by showing Property 1. Let g% be a dynamic ray such that g% G dY'^^^^^ 
for some c P'^^^ and some j < n. Then ^f^g G SF'--^^ for some Y'^^^ C P^^^^\ By 

direct computation and by the induction hypothesis, on g^, 

i^n+l\gS = /J^ O ^„ O /Jgc = (5.3) 

= f^'o9i,o{9'.,r'ofc\oi (5.4) 

=^7r°(^?.^)"'i.i- (5.5) 

(The second equality follows from Property 1. in the induction hypothesis, while 



the last equality comes from the functional equation in Theorem 2A and the choice 
of branch of f^^)- In particular, by the induction hypothesis ipn+i = i'n on any 
gl G if C P^-') for j < n - 1. 

Property 1. implies continuity: on rays belonging to dP^"'^ we obtain that ipn+i = 
ipni while on any ray gl in the boundary of two puzzle pieces of level n+l the new defined 
functions match because ipn+i coincides with gl o {gl)~^. So ipn+i is a homeomorphism; 
to show that it is i^'-quasiconformal, note that whenever ipn+i is redefined, it is done 
by pre-post composing with a conformal map, so the dilatation remains K and ipn+i 
is i^-quasiconformal (as it is a homeomorphism which is i^-quasiconformal outside a 
countable number of smooth curves). This proves Property 2.. Property 3. follows 
directly from the definition of il)n+i because p("+^) c P'-"-'. 

By Property 2. the functions ipn are uniformly quasiconformal, can be extended as 



to fix infinity and by Property 3. they all coincide on dP^^\ so by Lemma L2 there 
exists a ii'-quasiconformal limit function t/^ : C — )■ C fixing infinity. By hyperbolicity 
of P(/) the limit is unique. By Property 3., the limit map if) is a. conjugacy between 
/,and/e'on ^ pi^) =VU)- □ 

n>N 

We conclude the proof of Theorem B by lifting ip to a, continuous map which is 
a conjugacy on the preimages of the postsingular set, and then use the fact that the 
latter are dense to obtain by continuity a conjugacy on the entire plane. The next 
theorem is one of the fundamental facts in the theory of covering spaces (see e.g. |Haj . 
Proposition 1.33). 

Theorem 5.3 (Lifting). Let X,Y,Z be topological spaces with base points x,y,z re- 
spectively. If X is a covering of Z via a map h such that h{x) = z, and f : Y ^ Z is 
a continuous map with f{y) = z and Y is simply connected, then there exists a unique 
continuous lift f : Y ^ X with f{y) = x. 
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Proof of Theorem B. Let \l/o be as given by Proposition 5^ Consider the lifting 
diagram below (where the couples {X, x) mean the space X with base point x): 



n+l 



fci 

(C\{c}, /,(c)) 



(C, c') 
Ifc 

(C\{c'}, fAc')) 



^ T 



As C is simply connected, the existence of the maps as lift of fc o ipn is ensured 

c'. The existence of "^n+i gives, for any 



by Theorem 5.3, and for each n, \E'„(c) 



z G C, a preferred choice of an inverse branch for ^ in the definition of "^n+ii^) = 

(/eT'oVl/„o/J(z). 

Let us show by induction that for each n, \E'„ is a conjugacy on Uj<n /6^"('^(/c))- 



This is verified for n = by Proposition 5^ Assume by induction that \E'„ is 
a conjugacy on Uj<n /c~"('^(/c))- We first show that for z E fc^CPifc)), j < n, 
^n+i{z) = "^niz). In fact. 



(5.6) 



(The last equality holds by choice of f^,^)- In particular, \E'„+i is still a conjugacy 
on Uj<n /c~^^(/c)- To show that \E'„+i is a conjugacy also on /~""^P(/c), let z G 
/c""~'^(/c); by definition 



n+l 



by Equation 5.6, because fdz) G '^'P(/c)- 



As locally \I'n+i is obtained by pre- and post-composing with conformal maps, 



all are uniformly quasiconformal, and by Equation 5.6 they all coincide on the 



postsingular set. Extending the \E'„ to fix infinity. Lemma 1.2 gives a limit map 



which is a conjugacy on UneN /c ^i'^if))- The latter ones are dense, so by continuity 
\E' is a conjugacy on all of C. □ 



6 Conformal Rigidity 

When the postsingular set is bounded, the proof of Theorem C can be made relatively 



easy by using Theorem 1.4 



Proof of Theorem C for bounded postsingular set. Let \i/ be the quasiconformal conju- 
gacy obtained in Theorem B, and ctq be the standard conformal structure on C. The 
pushforward of do by \E' defines an invariant conformal structure a' in the dynamical 
plane for f^'. The conformal structure a' defines an invariant line field, which is con- 



stant by Theorem 1.4 So a' is the standard conformal structure and \Ef is conformal by 
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Weyl's Lemma, hence c' = c + 27rm for some n. As c, c' are combinatorially equivalent, 
they are in the same fiber, and c = d . □ 



A more involved proof, using an open-closed argument, shows that the reduced 
fibers of combinatorially non-recurrent parameters are trivial also when the postsingu- 
lar set is not bounded. Let QC(c) be the quasiconformal class of c, that is the connected 
component containing c of the set of parameters d such that fc' is quasiconformally 
conjugate to Observe that parameters of the form c + 27rm cannot belong to QC(c) 
unless n = 0. 

Lemma 6.1 (Quasiconformal classes are open). Let c he non-escaping and combina- 
torially non-recurrent. //QC(c) 7^ {c}, QC(c) is open. 

Proof. Let a d E QC(c), \l/ be a quasiconformal conjugacy between fc and fc'- Let 
Hq = he the Beltrami coefficient for the standard conformal structure, /i' := 
the Beltrami coefficient obtained in the dynamical plane for fc>, and for A G D let 
H\ over A G D be an analytic interpolation between fi and fi' (for example, fi\ = 
A/x'). If /i' 7^ 0, hence the deformation is non-trivial, by the Measurable Riemann 
Mapping Theorem to each fix corresponds a quasiconformal map \E'a conjugating fc 
to an exponential map fx. As fix depends holomorphically on A, the \1/a, and hence 
fx, depend holomorphically on A; in particular there is an open neighborhood of c on 
which all maps are quasiconformally conjugate to fc- With the same argument, it is 
possible to find an open neighborhood contained in QC(c) for any c G QC(c). □ 

A maximal open set of parameters all of which are topologically conjugate to each 
other, and which are not hyperbolic, is called a non-hyperbolic component. Any such 
component Q is simply connected; otherwise, there would be bounded components of 
C \ Q, contradicting the fact that escaping parameters are dense in the bifurcation 
locus. 

Lemma 6.2 (Boundaries of non- hyperbolic components). Consider the exponential 
family. The boundary of a non- hyperbolic component Q in parameter space cannot 
contain escaping parameters which are accessible from the inside of Q. In particular, 
dQ contains infinitely many non- escaping parameters on its boundary. 

Proof. As Q is simply connected it can be uniformized to the unit disk, and by the 
boundary behavior of the Riemann map, there is only a set of measure zero of param- 
eters which are not accessible from the inside of Q. Also, non-hyperbolic components 
are fully contained in a single fiber because they cannot intersect parameter rays, hence 



by Lemma 2/7, Q intersects only finitely many parameter rays. So there are infinitely 
many parameters on dQ which are accessible via a curve 7 : [0, 1) — )■ Q, and which 
are not endpoints of parameter rays. To prove the claim it is enough to show that no 
such accessible parameter can be escaping. Suppose by contradiction that Cq G dQ 
is an escaping parameter accessible from the inside of Q, and is not the endpoint of 
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a parameter ray. Then cq = Gso(^o) for some parameter ray Gs^, and there exists 
an arc Gsol^o — ^^,^0 + ^) which can be oriented foUowing increasing t. Also, Ggg is 
approximated on compact sets on both sides by curves in hyperbohc components (see 



Section 2.2); as 7 is a local transversal to the arc Gso(^o ^o + ^) at Cq, infinitely many 
of these curves have to intersect 7, which is impossible because Q is a non-hyperbolic 
component. □ 

Proof of Theorem C. Let c, c' be non-escaping and combinatorially equivalent, c be 
combinatorially non-recurrent. Then c' G QC(c) by Theorem B, and c G Q{c) for some 
non-hyperbolic component Q(c), because quasi- conformal conjugacy implies topologi- 
cal conjugacy, and because combinatorial non-recurrence implies that c is not hyper- 
bolic. For the same reason, QC(c) C Q(c). Let -Fr(c) denote the reduced fiber of c. 
As parameter rays cannot intersect non-hyperbolic components, Q{c) C Fj^{c). On the 
other side, by Theorem B, -Fr(c) C QC(c), hence QC(c) = Q(c) = Fr{c). Fr{c) is 



open by Lemma 6.1, while it contains at least one of its boundary points by Lemma 



6.2, giving a contradiction. □ 



If two parameters are in the same fiber, then they are combinatorially equivalent, 
so Theorem C implies that reduced fibers of combinatorially non-recurrent parameters 
are trivial. 



7 Non-recurrence and combinatorial non-recurrence 

In this section we show that for parameters with bounded postsingular set, non- 
recurrence implies combinatorial non-recurrence provided they are not hyperbolic or 
parabolic parameters. We achieve this through the combinatorial similarity between 
the parameter plane for exponentials and for unicritical polynomials. We use several 
results about polynomial dynamics which are most likely known to the reader, like the 
analogues of the theorems described for exponentials in Section |4] (see e.g. jMij ). We 
add references for the less well known results. To introduce notation, we recall the 
definitions of dynamic and parameter rays for polynomials. 

Let P^{z) = 2;^ + c be a unicritical polynomial of degree D. If c is non-escaping, 
the complement of the filled Julia set Kc can be uniformized by C \ D via the Bottcher 
map, which is also a conjugacy between and P^ in a neighborhood of infinity. The 
angles of the straight rays in C \ D can be expressed as sequences s over an alphabet of 
D symbols, containing integer entries Sj G (— -D/2 + 1/2, +D/2 + 1/2) if D is even, and 
Si G {—D/2, +D/2) if D is odd. The preimage of a straight ray of angle s under the 
Bottcher map is called the dynamic ray of angle s and denoted by g^''^ or just when 
the degree is implicit. The dynamics of P^ on the dynamic rays is conjugate to the 
dynamics of the shift map a = ao over the sequences over D symbols. Similarly, the 
complement of the connectedness locus for the family {P^} can be uniformized 
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by C \ D, and the preimage of a straight ray of angle s is called the parameter ray 
of angle s. Near infinity, both dynamic and parameter rays respect the cyclic order 
induced by the cyclic order on the set of sequences over D symbols identified with the 
unit circle. 



7.1 Proof of Theorem D 

For the proof of Theorem D we need some additional results about the exponential 
family as well as some rather specific knowledge about the parameter structure of 
unicritical polynomials. We tried to make this section as self-contained as possible, 
avoiding however to dwell excessively in the theory of renormalization for unicritical 
polynomials. 

We make use of the following two results from |BL] ( see |BLl Corollary 4.6] and 
|BH Corollary 4.14] respectively). 

Theorem 7.1 (Accessibility of c). // fc is an exponential map with c G J{fc) (I'^d 
V{fc) is bounded, then there is at least a dynamic ray gs landing at c, and ||s|| < oo. 
Also, the length of the (0,t) — )■ uniformly in n as t — ?■ 0. 

The last estimate and the fact that ||s|| < oo are not stated explicitly, but they 
follow directly from the construction. 

Theorem 7.1| is the only place in the proof of Theorem D where boundedness of 



Vc{f) is used, and are expected to hold in the general non-recurrent case. 
An address or angle s is called non-recurrent if s ^ 0{s) := {(T"(s)}^gj^. 

Lemma 7.2. Let fc{z) = + c or fc{z) = + c be non-recurrent. If there is a 
dynamic ray gs landing at c such that ga"s{,0,t) — uniformly inn as t ^ then s is 
non-recurrent. 

Proof. By non- recurrence there is a disk D^{c) such that D^[c) fl V{fc) = 0- As gs 
lands at c, for any k the dynamic ray g^ks lands at f^{c). Let t^ be such that 

£(f7,n,(0,t)) <£/2 (7.1) 
for all 72 G N, t < tg. Also let to < ie such that gsito) G D^i2{c). 



If s is recurrent, there is a subsequence a s — )■ s as /c — )■ oo, hence by Lemma 2.2 



9a''s{to) — ^ 9s{to) as A; — )■ oo. By Equation 7.1, ^^o-^s eventually lands inside Ds{c) 



contradicting D,{c) n V{fc) = 0. □ 

Lemma 7.3. Let fc be a unicritical polynomial or an exponential map. If a parameter 
ray Gs lands at a parameter c and c G J{fc), then g^ belongs to the dynamic fiber of c. 
Viceversa, if g^ lands at c, the parameter ray Gs belongs to the parameter fiber of c. 
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Proof. Suppose that Gg lands at c and that does not belong to the dynamic fiber of 
c. Then there is a pair of dynamic rays , g^^ separating g^ from c, whose addresses 
are either periodic or preperiodic. If the addresses are periodic, there are also two char- 
acteristic rays enclosing c which separate g^ from c, and the parameter rays Gs+ , Gg- 



form a parabolic wake in parameter plane Proposition 2^ If the addresses are preperi- 
odic, the parameter rays Gs+, Gg- form a Misiurewicz wake by Proposition 2^ In both 
cases, the wake separates Gs from c by vertical order of parameter rays in parameter 
plane, so Gg does not belong to the fiber of c. The case in which g^ lands at at c and 
Gs does not belong to the fiber of c is analogous. □ 

We now spend some time proving that for unicritical polynomials parameter rays 
with non-recurrent addresses land at non-recurrent parameters. 

Proposition 7.4 (Landing of non-recurrent rays). Let Gf be a parameter ray of angle 
s in the parameter plane for the family {P^}- If s is non-recurrent, then G^ lands at 
a parameter c which is at most finitely renormalizable and non-recurrent. 

What follows is a brief introduction to renormalization and rigidity for unicritical 
polynomials. A unicritical polynomial P^{z) = + c with connected Julia set is called 
renormalizable of period n if there are neighborhoods U, U' of 0, with U compactly con- 
tained in U', such that /"^ :[/—)■ ?7' is a degree D polynomial-like map with connected 
Julia set (see e.g. |Hu] ) . The new polynomial-like map can be itself renormalizable, 
and so on. 

For quadratic polynomials, the connected components of sets of parameters which 
are renormalizable of period n form small copies of the Mandelbrot set (see |DHj ). 
Parameters which are renormalizable of period n, and hence these copies, are combi- 
natorially characterized by being contained in some parabolic wake bounded by two 
characteristic angles s+,s~, from which infinitely many Misiurewicz wakes have been 
cut out. We will call this the renormalization wake of the corresponding small copy. 
The dynamic rays which are left in this renormalization wake are exactly the ones 
whose angles are represented by sequences in where t+^t' are the finite se- 

quences of n symbols with s"*" = t+, s~ = t~. This is the same as saying that the 
angle is the output of a tuning through the angles s"*", s~ as described in |Doj . Observe 
that a parameter ray accumulates on a given small copy if and only if it belongs to its 
renormalization wake. 

For unicritical polynomials of higher degree D, renormalizable parameters of period 
n also form small copies of the connectedness locus and can be characterized in a 
similar way (see |ScH Theorem 3.1]). The renormalization wake is again formed by a 
parabolic wake, from which countably many Misiurewicz wakes have been cut out. The 
angles of the parameter rays contained in the renormalization wake can be describes 
as the sequences in {t^, t~ ,t^ . . . where f are specific finite sequences of length 

n. Again, a parameter ray accumulates on a given small copy if and only if it belongs 
to its renormalization wake. 
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An angle is called combinatorially renormalizable of period n if it belongs to the 
renormalization wake of a small copy of renormalization period n. 

Lemma 7.5. If s is a non-recurrent angle written in D-adic expansion, then it is at 
most finitely many times combinatorially renormalizable (when seen as the angle of a 
parameter ray for polynomials of degree D ). 

Proof. If s is renormalizable of some period q, then s is represented by a sequence 
constructed out of only D blocks of length q, hence there are infinitely many k such 
that |s — (r^s\ < If s is infinitely many times combinatorially renormalizable, then 
there exists a sequence g„ — )■ oo and fc„ — )■ oo such that |s — (T^"s| < -j^, contradicting 
non-recurrence of s. □ 

The next theorem is one of the cornerstones in the theory of rigidity for quadratic 
and unicritical polynomials (see |Huj . |AKLSj respectively). 

Theorem 7.6 (Yoccoz Theorem). Let be an at most finitely renormalizable uni- 
critical polynomial with all periodic points repelling and connected Julia set. Then P^ 
is combinatorially rigid, or equivalently the reduced fiber of c is a single point. 

The condition of combinatorial rigidity is often stated as parapuzzle pieces shrink 
to points. To prove Yoccoz Theorem local connectivity of the Julia set is needed. For 
unicritical polynomials see |KLl Theorem A] : 

Theorem 7.7. Let P^ be an at most finitely renormalizable unicritical polynomial with 
all periodic points repelling and connected Julia set. Then J{P^) is locally connected. 

By Caratheodory's Theorem, local connectivity of the Julia set implies that all 
dynamic rays land and all points are landing points of a dynamic ray. In particular, 
the critical value is accessible. It is also known that for a non-renormalizable unicritical 
polynomial with all periodic points repelling and connected Julia set, the puzzle pieces 
induced by the periodic rays landing at the a-fixed points shrink to points. So, for an 
at most finitely renormalizable polynomial of the same kind, the puzzle pieces induced 
by some forward invariant graph F formed by finitely many periodic rays also shrink 
to points. 



After the preparation about tuning. Proposition 7.4 is essentially a consequence of 
Yoccoz's Theorem. 



Proof of Proposition 7.4 By Lemma 7.5, s is only finitely renormalizable, so Gg be- 
longs to at most finitely many renormalization wakes and can accumulate only on 
non-escaping parameters which are at most finitely renormalizable. By Yoccoz Theo- 
rem, the reduced fiber of any such parameter c is trivial, hence if accumulates on 



c in fact it lands at it. By Proposition 7.3 belongs to the dynamical fiber of c, and 



by local connectivity of J{fc) in fact it lands at c. As s is a non-recurrent address, c is 
non-recurrent. □ 
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We present two more results and then prove Theorem D. 



Sq be a finite set of preperiodic ad- 
. . Sq land together at a Misiurewicz 



Proposition 7.8 ( |Bel Theorem 4.7]). Let Si . . . 

dresses. Then the parameter rays of addresses Si 
parameter in the exponential parameter plane if and only if they land together at a 
Misiurewicz parameter in the parameter plane of any family of unicritical polynomials 
with sufficiently high degree D. 



The next proposition is a direct consequence of |Bet Theorem 4.11] and Theorem 2.5 



Proposition 7.9. Two parameter rays with periodic addresses s"*", s~ land together in 
the parameter plane for exponentials if and only if the parameter rays with angles s"*", s~ 
land together in the parameter plane for all families {P^} with sufficiently high degree 
D. 

Proof of Theorem D. Recall that fc is an exponential map such that V{fc) C J{fc) 
is bounded. Let Qs be the dynamic ray landing at c given by Theorem 7.1| and let 



D be sufficiently large. By Lemma [7.2[ s is non- recurrent, so by Proposition |7.4| the 
parameter ray (for the family of unicritical polynomials of degree D) lands at a 
finitely renormalizable non-recurrent polynomial parameter c. 



By Lemma 7.3, the dynamic ray belongs to the dynamical fiber of c. As c is at 



most finitely renormalizable, by Theorem 7.7| its Julia set is locally connected, so in fact 
lands at c. Because c is at most finitely renormalizable, there is some n and some 
cycle r of rays of period n such that the puzzle pieces induced by F and containing c 
shrink to points. 

By non-recurrence of c, dist(c, P(/c)) > 0, hence there is some level of the puzzle 
induced by T for which the singular value and V{fc) are separated. This means that 
there are finitely many preperiodic rays {gs-}si£K separating c from V{fc)- 



By the polynomial analogue of Propositions 2.5 and 2.6, c is contained in finitely 
many wakes defined by the parameter rays {G^jsje/c (it can be contained in many 
more wakes, but this is irrelevant to us). 

the same wakes exist in the exponential parameter 



By Propositions 7.8 and 7.9 



plane, and by vertical order of parameter rays, the parameter ray Gg (and hence c by 



Lemma 7.3) is contained in all of them. By Proposition 2.5 and 2.6, the corresponding 
pairs of rays with addresses in K, land together in the dynamical plane for c. By 
vertical order of dynamical rays, as the rays g^. separate c from its forward orbit in 
the polynomial dynamical plane (and each point on the orbit is the landing point of a 
dynamic ray (7^^^ by Theorem 7.1), the rays {s'silsjex: also separate c from its forward 



orbit in the exponential plane. By continuity, they also separate c from the closure of 
its forward orbit i.e. from the postsingular set. □ 
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